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Session 1. Algebra

The Qualifying Examination consists of three two-hour sessions. This is
the first session. The questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).

Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

• Be sure your special exam ID code symbol is on each exam book that
you are submitting.

• Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

• Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

• At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Give an example of an integral domain R and an ideal I in R such that all of
the following statements hold. The ideal I is not principal, it is not maximal,
and it is prime.

2. Let p and q be distinct primes. Let q̄ P Z{pZ denote the class of q modulo
p and let k denote the order of q̄ as an element of pZ{pZq˚. Prove that no
group of order pql with 1 ď l ď k is simple.

3. Let M be a square matrix with complex coefficients. We consider the usual
matrix exponential

exppMq “
8
ÿ

j“0

1

j!
M j.

Prove that exppMq is equal to the identity matrix if and only if M is diago-
nalizable with eigenvalues in 2πiZ.

Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Let G “ Q{Z be the quotient of the additive group of rational numbers by
the subgroup of integers.

(A) Prove that every finitely generated subgroup of G is a finite cyclic group.

(B) Prove that G is not isomorphic to G‘G as an abelian group.

5. Let G be a finite subgroup of the group of real nˆ n matrices with nonzero
determinant such that all elements of G are symmetric matrices. Prove that
G is isomorphic to pZ{2Zqk for some k ě 0.

End of Session 1
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Session 2. Complex Variables and Advanced Calculus

The Qualifying Examination consists of three two-hour sessions. This is
the second session. The questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).

Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

• Be sure your special exam ID code symbol is on each exam book that
you are submitting.

• Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

• Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

• At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. In this problem, U is a connected domain in C.

(A) Let hpzq be a harmonic function in U , and f : U ÞÑ U be a holomorphic
function. Prove that h ˝ fpzq is a harmonic function in U .

(B) Let hpzq be a real valued harmonic function in U such that phpzqq2 is
also a harmonic function in U . Prove that hpzq must be a constant.

2. Let z1 ‰ z2 P C.

(A) Construct all biholomorphic maps of the complex plane which have z1

and z2 as their fixed points; make sure to justify your construction.

(B) Construct all biholomorphic maps of the extended complex plane pC :“
CY t8u which have z1 and z2 as their fixed points.

3. Use the calculus of the residues to evaluate the integral
ş8

0
1

1`x3dx.

Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. (A) Suppose that U is a bounded domain in the complex plane, that f is
holomorphic in U and continuous over U , and that |fpzq| “ 1 for all z P BU .
Prove that, unless f is a constant function, fpzq “ 0 must have a solution in
U .

(B) Suppose that f is an entire function, and that |fpzq| “ 1 for all z P C
with |z| “ 1. Prove that fpzq “ azn for some a P C with |a| “ 1 and
n P Zě0. (Hint: Note that the family φcpzq :“ pz ´ cq{p1 ´ c̄zq, for |z| ă 1,

is meromorphic on C, satisfies |φcpzq| “ 1 for |z| “ 1, and φcp1{z̄qφcpzq “ 1.
You may want to study fpzq in relation to this family.)

5. Suppose that twnpzqu is a sequence of holomorphic functions in a domain U
of the complex plane such that

(i). each wn is a solution in U to the differential equation w2pzq “ F pw1pzq, wpzq, zq,
where F is continuous in its arguments; and



(ii). there exists a function w8pzq on U such that wnpzq Ñ w8pzq pointwise
in U , and that on any compact subdomain of U , the family twnpzqu is
uniformly bounded.

Prove that w8pzq is also a solution in U to the differential equation w2pzq “
F pw1pzq, wpzq, zq.

End of Session 2
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Session 3. Real Variables and Elementary Point-Set Topology

The Qualifying Examination consists of three two-hour sessions. This is
the third session. The questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).

Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

• Be sure your special exam ID code symbol is on each exam book that
you are submitting.

• Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

• Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

• At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Write the definition of a separable metric space, then prove the following
three statements:

(a) Show that every infinite compact metric space pK, dq is separable.

(b) Consider the metric space pX, dq, where X is the set of bounded se-
quences of real numbers, i.e of x “ txnu

8
1 , xn P R, equipped with the

distance
dpx,yq “ sup

nPN
|xn ´ yn|

(this space is known as `8). Show that pX, dq is not separable.

(c) Show that if pX, dq is a separable metric space then the cardinality
of X can not be larger than the cardinality of PpNq “ 2N (or in other
words the cardinality of R).

2. Let f be an integrable real-valued function on R. Define a function g : R ÞÑ R
by letting

gpxq “

ż 8

´8

fpyqe´px´yq
2

dy .

(a) Prove that g is continuous.

(b) Prove that g is continuously differentiable.˚

(˚ Help for 2(b): State a theorem without proof which lists suitable con-
ditions that allow you to “differentiate under the integral sign,” then verify
these conditions for this problem.)

3. Let πpx, yq “ x denote the projection of R2 onto R, and let πpAq denote the
image under π of a subset A of R2.

(a) Let µ˚ be an outer measure on the subsets of R. Show that ν˚pAq :“
µ˚pπpAqq is an outer measure on the subsets of R2.

(b) Let λ˚ be Lebesgue outer measure on the subsets of R, and let ρ˚pAq “
λ˚pπpAqq. Show that if A “ B ˆR, where B is a Lebesgue measurable
subset of R, then A is a ρ˚ measurable set. Show where the assumption
that A has this particular form is used.



Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Let Ω :“ r0, 1s with Lebesgue measure.

(a) Let fnpxq “ cos 2πnx. Show that fn Ñ 0 weakly in L2pΩq, but fn does
not converge to 0 a.e. in Ω or in measure.

(b) Let fnpxq “ nχp0, 1{nq. Show that fn Ñ 0 a.e. and in measure, but fn
does not converge to 0 weakly in LppΩq for any p ě 1.

Recall: A sequence of tgnu of Lp-functions converges to g weakly in LppΩq if
ş

Ω
gnϕÑ

ş

Ω
gϕ for every ϕ P LqpΩq (the dual of LppΩq) with 1{p` 1{q “ 1.

5. Let f be an integrable real-valued function on R. Let pX,A, µq be a measure
space, and let f : X ÞÑ R be a nonnegative measurable function. The
hypograph of f is the subset HGpfq of X ˆ R defined by

HGpfq “
!

px, tq P X ˆ R : 0 ď t ď fpxq
)

.

(That is, HGpfq is the “region under the graph of f”.)

(a) Prove that the set HGpfq is A b BR-measurable, where BR is the
σ-algebra of Borel subsets of R, and A b BR is the product of the σ-
algebras A and BR, i.e., the σ-algebra of subsets of X ˆ R generated
by the products AˆB, A P A, B P BR.

(b) Let hf : R` ÞÑ R` be the function given by

hf ptq “ µ
´

tx P X : fpxq ě t u
¯

,

where R` “ tt P R : t ě 0u. Prove that hf is Borel measurable and
that

ż

X

f dµ “

ż 8

0

hf ptqdt .

End of Session 3


