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Session on Algebra

The Qualifying Examination consists of three two-hour sessions. This is
the session on Algebra. The questions for this session are divided into two
parts.

Answer all of the questions in Part I (numbered 1, 2, 3).

Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

• Be sure your special exam ID code symbol is on each exam book that
you are submitting.

• Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

• Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

• At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Let G be a group of order p3, where p is a prime. Show that G contains
either p3 or p2 ` p ´ 1 conjugacy classes.

2. Let M be a finitely generated Z-module such that pnM “ 0 holds for some
prime number p and n ě 1. Assume that x P M has annihilator Annpxq “

ta P Z | ax “ 0u “ Zpn. Prove that Zx is a direct summand of M , that is,
we have M “ Zx ‘ M 1 for some submodule M 1 Ă M .

3. (a) Let A be an n ˆ n matrix over Q. Assume that Ap “ I ‰ A, where p is
a prime and I is the identity matrix. Prove that n ě p ´ 1.

(b) Give an example of a 2ˆ2 matrix over Fp “ Z{pZ such that Ap “ I ‰ A.

You may assume without proof that the polynomial xp´1 ` ¨ ¨ ¨ ` x ` 1 is
irreducible over Z.



Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Let A be a commutative ring with multiplicative unit 1, and let ϕ : A Ñ A
be a surjective ring homomorphism.

(a) Prove that if A is Noetherian, then ϕ is an isomorphism.

(b) Give an example where A is not Noetherian and ϕ is not injective.

5. Prove that Zr
?

´2s “ Zrxs{xx2 ` 2y is a Euclidean domain.

End of Session on Algebra



RUTGERS UNIVERSITY

GRADUATE PROGRAM IN MATHEMATICS

Written Qualifying Examination

August 2025

Session 1. Complex Variables and Advanced Calculus

The Qualifying Examination consists of three two-hour sessions. This is
the first session. The questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).

Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

• Be sure your special exam ID code symbol is on each exam book that
you are submitting.

• Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

• Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

• At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Use the calculus of residues to show that
ż 8

0

log x

px2 ` 1q2
dx “ ´

π

4
.

2. Let ppzq be a polynomial with complex coefficients. Assume that the set
tz P C : |ppzq| “ 1u is a disjoint union of ten simple closed curves. Prove
that deg p ě 10.

3. (A) Show that the following function

F pzq “

ż 1

0

e´ttz´1dt

is holomorphic in the half-plane tz P C : Repzq ą 0u.

(B) Expanding e´t in a power series show that F pzq extends to a mero-
morphic function on C whose only singularities are simple poles at z “

0,´1,´2,´3, . . .. Moreover, the residue of F at z “ ´n is p´1qn

n!
.

Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Let f : C Ñ C be an entire function and suppose that there exist ρ ą 0 and
constants A,B ą 0 such that

|fpzq| ď AeB|z|ρ for all z P C.

Let nf prq be the number of zeros of f (counted with their multiplicities)
inside the disc with radius r ą 0. Prove that the following holds:

(A) nf prq ď Crρ for some C ą 0 and all sufficiently large r ą 0.

(B) If z1, z2, . . . denote the zeros of f , with zk ‰ 0, then for all s ą ρ, we
have

8
ÿ

k“1

1

|zk|
s ă 8.



5. (A) Let f be an analytic isomorphism on D “ tz P C : |z| ă 1u, and let

fpzq “

8
ÿ

n“1

anz
n, where an P C,

be the power series representation of f . Prove that

areapfpDqq “ π
8
ÿ

n“1

n|an|
2.

(B) Let f be an analytic isomorphism on D “ tz P C : |z| ď 1u, such that

|fpzq| ě 1 for |z| “ 1,

and fp0q “ 0. Prove that the area of fpDq satisfies

areapfpDqq ě π.

End of Session 1
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Session on Real Variables and Elementary Point-Set Topology

The Qualifying Examination consists of three two-hour sessions. This
is the session on Real Variables and Elementary Point-Set Topology. The
questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).

Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

• Be sure your special exam ID code symbol is on each exam book that
you are submitting.

• Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

• Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

• At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Consider the function the function f : p0,8q Ñ R defined as

fpxq :“
sinpxq

x
.

(a) Is f in L1pp0,8qq?

(b) Is f in L2pp0,8qq?

(c) Define the sequence

aN “

ż N

0

fpxqdx, N P N.

Prove that lim
nÑ8

aN exists.

2. Consider a sequence of Lebesgue measurable functions tfnun and suppose
DM ą 0 such that @n P N, }fn}1 ⩽ M . Assume that there is a function f
such that fnpxq Ñ fpxq for almost every x.

(a) Prove that }f}1 ⩽ M .

(b) Does fn necessarily converge to f in L1 norm? If so prove it, if not, give
a counterexample.

(c) Suppose now that tfnun is a sequence of Lebesgue measurable functions
such that DM ą 0 such that @n P N, }fn}1 ⩽ M . Does fn necessarily have a
subsequence that converges in L1-norm? If so, prove it, otherwise provide a
counterexample.

3. Consider the function f defined as: for 0 ă x ă 1 and 0 ă y ă 1,

fpx, yq “ ´
cosp3x ´ yq cospx ` 2yq

1 ´ xy
. (1)



Consider the following integrals:

I1 :“

ż 1

0

ˆ
ż 1

0

fpx, yq dy

˙

dx, I2 :“

ż 1

0

ˆ
ż 1

0

fpx, yq dx

˙

dy (2)

I3 :“

ż

r0,1s2

fpx, yq dx ˆ dy. (3)

Which of these integrals are finite? Which are equal to each other?



Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. We define the distance between two non-empty sets A,B Ă R2 by

dpA,Bq :“ inf
aPA,bPB

}a ´ b} (4)

where } ¨ } is the standard Euclidean norm.

(a) Is it possible for there to be two closed sets A,B such that A X B “ H

and that dpA,Bq “ 0? If so, provide an example, otherwise provide a proof
that it is impossible.

(b) Let A,B be non-empty subsets of R2 with A closed and B compact.
Prove that dpA,Bq ą 0. (Hint: Prove that there exist a P A and b P B such
that dpA,Bq “ }a ´ b}.)

5. Let λ denote the Lebesgue measure on R, and let f : R Ñ R be Lebesgue-
measurable. Given a Borel set B Ă R, we define

µpBq :“ λpf´1
pBqq. (5)

(a) Prove that µ is a measure.

(b) Prove that for any µ-integrable function g : R Ñ R,
ż

gpyq dµpyq “

ż

g ˝ fpxq dλpxq. (6)

End of Session on Real Variables and Elementary Point-Set Topology
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