RUTGERS UNIVERSITY
GRADUATE PROGRAM IN MATHEMATICS
Written Qualifying Examination

January 2026

Session on Algebra

The Qualifying Examination consists of three two-hour sessions. This is
the session on Algebra. The questions for this session are divided into two
parts.

Answer all of the questions in Part I (numbered 1, 2, 3).
Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

e Be sure your special exam ID code symbol is on each exam book that
you are submitting.

e Label the books at the top as “Book 1 of X”, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

e Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

e At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Let f(t) and g(¢) be nonzero polynomials with integer coefficients without
any common complex roots. Prove that there exist polynomials u(t) and v(t)
with integer coefficients so that

u(t)f(t) +v(t)g(t)
is a nonzero integer.

2. Let A be an associative commutative ring with 1. Prove that an element
f=ay+a1x+...+a,z" of the polynomial ring A[x] is nilpotent if and only
if all a; are nilpotent elements of A.

3. (a) Let G be a group of order 1025 = 41 - 25. Prove that G has an abelian
normal subgroup H such that G/H is abelian.
(b) Prove that there exists a nonabelian group G of order 1025.



Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Let A be an n x n-invertible matrix with entries in the field Q of rational
numbers. Suppose that A* — 64 = 3A~!. Show that 5|n, and that such a
matrix A is unique up to similarity in M, ., (Q).

5. Let A be an n x n matrix with complex coefficients. Prove that there exist
matrices B and C such that all of the following properties hold:

e A=B+C(;
e BC = (CB;
e 3 is diagonalizable;

e (" =0(.

End of Session on Algebra



RUTGERS UNIVERSITY
GRADUATE PROGRAM IN MATHEMATICS
Written Qualifying Examination

January 2026

Session 1. Complex Variables and Advanced Calculus

The Qualifying Examination consists of three two-hour sessions. This is
the first session. The questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).
Answer one of the questions in Part II (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

e Be sure your special exam ID code symbol is on each exam book that
you are submitting.

e Label the books at the top as “Book 1 of X, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

e Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

e At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. For a > 0 find
I :foo xsinazd

x.
0 T2+ a?
2. Let ® be the family of all analytic functions
f(2) =2+ a2® +azz” + ...

on the open unit disc D = {z € C : |z| < 1}, such that |a,| < n for each
n € N. Prove that for any sequence (f,,)nen S @ there exists a subsequence
(fro)ken © @ that converges uniformly on any compact set K < D to an
analytic function F' on D.

3. Let P(z) be a monic polynomial of degree n > 1, i.e.
P(z) = 2"+ an_12" '+ ...+ a1z + ap.
Then either P(z) = 2" or there exists zg € C such that |zo| = 1 and

|P(20)] > 1.

Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Show that
2

1 0 _
o ), log |1 — €| df = 0.

5. Let D(zg,7) = {z € C: |z — 2| < r} denote an open disc with radius r > 0
centered at zgp € C. Let R = D(1,1) n D(i,1). Construct a finite number
n € N of conformal maps ¢4, ..., ¢, such that

F=pio...0p,
maps R conformally to D(0, 1).

End of Session 1



RUTGERS UNIVERSITY
GRADUATE PROGRAM IN MATHEMATICS

Written Qualifying Examination

Session on Real Variables and Elementary Point-Set Topology, January 2026

The Qualifying Examination consists of three two-hour sessions. This is
the session on Real Variables and Elementary Point-Set Topology, January
2026. The questions for this session are divided into two parts.

Answer all of the questions in Part I (numbered 1, 2, 3).
Answer one of the questions in Part IT (numbered 4, 5).

If you work on both questions in Part II, state clearly which one should be
graded. No additional credit will be given for more than one of the questions
in Part II. If no choice between the two questions is indicated, then the first
optional question attempted in the examination book(s) will be the only one
graded. Only material in the examination book(s) will be graded,
and scratch paper will be discarded.

Before handing in your exam at the end of the session:

e Be sure your special exam ID code symbol is on each exam book that
you are submitting.

e Label the books at the top as “Book 1 of X, “Book 2 of X”, etc., where
X is the total number of exam books that you are submitting.

e Within each book make sure that the work that you don’t want graded
is crossed out or clearly labeled to be ignored.

e At the top of each book, clearly list the numbers of those problems
appearing in the book and that you want to have graded. List them in
order that they appear in the book.



Part I. Answer all questions.

1. Let (X, M, ) by a finite measure space. For any two p-measurable functions
f,9: X - C, let
[/ — g
d(f,9) = J
J:9) 1+[f gl

(a) Show that d is a metric on the space of p-measurable functions on X
(provided we identify functions that differ on a null set, as usual).

dp. (1)

(b) Show that if {f,} is a sequence of p-measurable functions on X and
f is p-measurable on X, then f,, converges to f in measure if and only if

lim,, o d(fn, f) = 0.

(c¢) Now, suppose p is only o-finite, and not necessarily finite. Consider a
sequence {f,} of L' functions and f is another L' function. Is the following
statement true: f, converges to f in measure if and only if lim,, o, d(f,, f) =
0. If so, prove it, if not, provide a counterexample.

SOLUTION: (a) It is obvious that, d(f,g) = d(g, f) and that d(f, f) = 0.
Now, if d(f,g) = 0, then
[f =gl
—— =0 2
L+[f =gl @
almost everywhere, and so f = g almost everywhere. Finally, the triangular

inequality follows from the fact that x — x/(1 + x) is monotone increasing
and subadditive on R": indeed

a+b < a N b
l+a+b 14+a 140

(3)
is equivalent to
(a+b)(14+a)(1+b)<a(l+a+b)(1+b)+b(1+a+b)(l+a) (4)

which is equivalent to
abla +b+2) > 0. (5)

Thus, for x,y,z € C,

e =z _ _le—yltly—2 _ _|z—yl ly — 2|
T+]z—z2 “1+lz—yl+ly—2 1+]z—yl 1+|y—2z

(6)



(b) Suppose that f, converges to f in measure, and for any € > 0, let

Ey(e) :=A{x: [fulz) — f(z)| > €} (7)
We have

B L+ |fu— £l x\g, 1+ [fo— [l

which we bound using the fact that r — = <1 for x € Ry, as

€

d(fn, /) < p(En) + pu(X)

1+e€
and so .
lim d(f,, f) < p(X)——. (10)
n— 00 1 + €
Since this holds for all e,
lim d(f,, /) = 0. (1)
n—ao0
Conversely, if lim,,_,o, d(f,, f) = 0, we have
|fn - f| €
d(fn, ) = —————du = u(E, 12
)2 | 2> w5 (12)

so lim pu(E,(€)) = 0 for any €, and so f,, converges to f in measure.

(c) If p is only o-finite, then part (b) does not hold: consider X = R, M =
L and yu is the Lebesgue measure. This space is o-finite (R = J,_,[?,7+ 1)).
Consider f, = 2x([0,n]), which converges to 0 in measure, however,

B | fu(2)] a1
d(fmo)—fwdl"—nlJr%—lJrl (13)

which does not tend to 0. (The converse is still true.)



2. Let m be the Lebesgue measure on R endowed with the o-algebra L of
Lebesgue-measurable subsets of R. Recall that m is a complete measure.

(a) Is the product measure m x m on the product o-algebra L& L complete?
If so, prove it, if not, provide a counterexample.
Hint: Show that if Ae L, A# &, and B¢ L, then Ax B¢ L& L.

(b) Consider the set £ := {(z,y) e R*: j <2 <1, 0 <y< r—=} Prove

that E is m x m-measurable, and that m x m(E) = arcsin(1) — arcsin(3)
(make sure to justify your answers!).

Hint: To prove that E is m x m-measurable, you may use the fact that
Borel-measurable sets of R? are m x m-measurable.

SOLUTION: (a) We first show that if A € L, A # J, and B ¢ L, then
Ax B¢ LRL. Let x € A. We have

B=(AxB), (14)

and so, if A x B were measurable, then B would be measurable. Thus A x B
is not measurable.

Now, consider A = {0} and B € P(|0, 1])\L (such a set exists, for instance
the set N from section 1.1 in Folland). Since A is measurable and non-empty,
A x B is not measurable, but A x B < {0} x [0,1] whose measure is 0.
Therefore, m x m is not complete.

(b) We have that
E=g7((51) % (0,1)) (15)

where the function g : (z,y) — (z,yv/1+ x?) is continuous. Since (3,1) X
(0,1) is a rectangle, E is Borel-measurable, thus m x m-measurable. By
Tonelli’s theorem

12— 1
Vita? 1
mxm(E) = ﬁ Jo T dyde = L Wi dx = arcsin(1) —arcsin(3). (16)

2

3. Suppose that f, — f pointwise on X and there exists some g € LP(X)
such that |f,(z)| < g(z) for all 2 € X and that a sequence h, € L (X)
converges to h in L” (X), where p is the conjugate exponent of p, prove that

SX Jhy — SX fh.



SOLUTION: First, we have |f(x)| < g(z) for all x € X. Next, by Hélder’s
inequality, g(z)|h(z)| € LY(X), so § fuhn§y fh, as well as {, fuh, are con-
vergent integrals in L'(X). Furthermore, |f,(x) — f(x)||h(z)| < 2g(x)|h(x)],
so we can apply DCT to conclude that § | f.(x) — f(2)||h(z)] — 0 as n — o,

and that
Lfnh—ffh‘ [ @)= s@i) o

from which we conclude that §, f,h — { fh. Finally,

e
an
fostne e () ()< () ([ moe)

using [[hn — bl (x) — 0. We thus conclude that {y fuhn — §5 fh.

| 18l = b+ [ 1@ = sl



Part II. Answer one of the two questions.
If you work on both questions, indicate clearly which one should be graded.

4. Suppose H is a real Hilbert space. Let L = H be a non-empty closed convex

subset. Recall that a set I in a vector space is convex if for any f, g € K and
any ce [0,1], ¢f + (1 —¢)g € K. Let x € H. Then define

L := inf [[z — k|| (17)

a) Show that the infimum in (7?) is attained at a unique point k(z) € K.

b) Let IC; = span {3 ciu; © || 20 cittil|r2po1y < 1}, where uq, -+, u, €
L?[0,1] (which you may take to be linearly independent or even orthonor-
mal), and Ky = {v € C[0,1] : Sév(x)Q dr < 1} considered as subsets of
L?[0,1]. Verify that both are convex subsets. Are they closed subsets of
L?[0,1]? Justify your answer.

SOLUTION: a). Assume without loss of generality that = ¢ K. Take a
sequence k; € K with ||k; —x|| — L. Recall for any a,b € H the parallelogram
law gives

2(llall* + 11Bl1*) = lla = bI[* + [la + bIJ*. (18)

Setting a = x — k; and b = x — k; in (?77) gives
2(|[ — KjI1* + lo = kil |*) = |12 — (ki + Bp)[* + [1ks — Ksl%. - (19)
By convexity of K, ||2z — (k; + k;)||> = 4L*. Thus
1 = Kjl[* < 2(][a — Kj|* + [lo — kil[*) — 4L, (20)

implying {k;} is a Cauchy sequence. By completeness, there is a limit k
and by closedness of IC, the limit is contained in K. Moreover, ||z — kq|| =
lim; . ||x—k;|| = L. Thus the infimum distance is obtained. For uniqueness,
observe that if ky, and ki, satisfy ||z — kl || = ||x — kx|| = L, then by the
parallelogram law again and convexity of K

2(L% + L?) = |22 — (Kl + koo )II” + [[KD, — kaoll?) = AL7 + [|K, — Koo [*, (21)

whence ky, = k.
For b), both K and ICy are characterized by the property ||u||r2p0,1) < 1.
Take any f,g € Ky and any c € (0, 1), by the triangle inequality, we have

llef + (1 =c)gllzzpo) < || fllzepoy + (1 = )llglle2poy < c+1—c=1,



which shows that c¢f + (1 — ¢)g € Ky. The same proof works for ICy.

KCy is not a closed subset of L?[0,1], because the space C[0,1] is not
complete under the L*[0,1] and there are sequences v, € Ko converging to
some v in L*[0,1], which is no longer in C[0, 1], therefore v ¢ Ks.

K1 is a closed subset of L?[0, 1] because any two norms on a finite dimen-
sional space are equivalent so we could use Y, |¢;| as a norm for )" | c;u;,
so if any sequence f; in K is converging in L*[0, 1] to some f € L?[0, 1], then
the coefficients of f; would also converge, which shows that f € K;.

. Suppose B is a Banach space. A bounded linear map A : B — B is called
compact if whenever a sequence {z;}2, € B satisfies ||x;|| < C for some
C > 0, the sequence {A(z;)}2, has a convergent subsequence.

Let K(z,y) € C([0,1]?) and any function f € C([0,1]) is endowed with the

norm || f[| := sup,ep 17 [f(®)[- Show that the linear map

4:¢([0,1]) — ([0, 1) (22)
given by

A) = | K@) f(a)do 23

is a bounded and compact operator, where Af is also endowed with the norm
|ASI] == supyepoy [Af ()]
SOLUTION: Note that for each y € [0,1],

1
AW < [ K@f@lde < s [Kog)- sw [f@] @
0 z€[0,1] z€[0,1]

Thus

sup |Af(y)| < K sup |f(z)], (25)
ye[0,1] z€[0,1]

where

K= sup |K(zy). (26)
(z,y)el?

Thus the map A is bounded. To show compactness, let us assume f; €
C([0,1]) satisfies
sup |fi(z)| < C. (27)

z€[0,1]



We claim the family {A(f;)}2, is equicontinuous. Thus by the Arzela-
Ascoli theorem, the sequence {A( fi)}2, thus has a convergent subsequence
which suffices to show the operator A is compact.

Let us prove the equicontinuity. Note that

1

Afiy) — AR = f (K (2,9) — K(z,9)) fi(a)dz, (28)

0

so that

Af(y)—Afily f (K (2, 9)— K (2, ) || fi() o < f (K (2, y)~ K (2,4/)|dz

(29)
The uniform continuity of K on [0, 1]? gives that for all n > 0 there exists a
d = d(n) > 0 so that whenever |y—y'| < ¢ there holds |K (z,y)— K (z,y')| <.
Fix e > 0 and set § = §(¢/C). Then we get for all |y —y'| < 0 that

Afly) — AL <O 5 ==, (30)

Since ¢ does not depend on i, this establishes the desired equicontinuity.

End of Session on Real Variables and Elementary Point-Set Topology, January 2026
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